ABSTRACT When the robot is required to execute a certain task in the world coordinate system (WCS), it is necessary to find the coordinate transformation between the robot base coordinate system (RBCS) and WCS to enable the high precision motion planning. This paper presents a simple and accurate method that allows a simultaneous computation of the coordinate transformations (i.e., rotation and translation) from WCS to RBCS. Based on the dual quaternion, the robot kinematic model and formulas for calculating the transformation are derived, which allow calculating the rotation and translation simultaneously. Taking the unit dual quaternion as a constraint, the Lagrangian multiplier method is employed to obtain the optimum transformation. Both simulation and experiment results show that higher calibration precision is obtained. The proposed approach has certain reference value and guiding sense for other calibration problems.
I. INTRODUCTION
With the development of robotic applications, higher requirements have been presented on the accuracy and rapidity of robot. For that reason, how to further improve the accuracy of industrial robots is one of the most important topics in robotics field. Especially, when the robot executes a certain task in WCS, such as robot off-line programming [1] or multi-robot coordinating [2] , [3] , the kinematic trajectory accuracy of the robot is of great importance. Typically, the kinematic trajectory accuracy is defined and evaluated in RBCS. Accordingly, it is necessary to find the coordinate transformation between RBCS and WCS to realize the motion control in one uniform coordinate.
In recent years, approaches to calibrate the robot base frame had been receiving increased attention. According to the situation to coordinate transformation, the calibration methods can be classified into two categories: 1) separable approach, where the rotation and translation of the transformations is calculated in two steps. 2) simultaneous approach, where the rotation and translation of the transformations is calculated at the same time.
Gan and Dai [2] proposed a base coordinate system calibration approach for coordinated multi-robot system, whose procedure is based on robot joint information of a series of handclasp manipulations. In the detailed approach, the rotation matrix can be reached by solving the equation of the form A = XB for the rotation matrix X. After the rotation matrix was obtained, the translation vector can also be solved out by point transformation equations. Extremely similar to the above calculations, quaternion [4] , Procrustes Analysis [5] were employed by utilizing the measurement arm. To tackle the base frame calibration problem for mobile robotic drilling, reference [6] proposed a least-squares fitting method that follows a similar strategy of the method in [2] by utilizing the 2D vision system. Although these methods in [2] and [4] - [6] offer some feasible solution to calibrate the coordinate transformation between RBCS and WCS, the main disadvantage of them is the error propagation caused by using point transformation equations to solve rotation and translation in two steps.
In order to overcome the drawback, such simultaneous approaches were developed. Wu and Ren [7] found the transformation from RBCS to WCS by solving a hand eye calibration problem. A closed-form method serves as an initial value finder, and then an iterative method refines the calibration accuracy, which can simultaneously calculate the rotation and the translation part of the coordinate transformation. While the mentioned method can work well, its complexities are limited by the initial criteria. Moreover, it cannot guarantee whether the method converge to the optimal solution or not.
Consequently, it is necessary to find an alternative methodology that not only overcomes the error propagation shortcomings of separable calibration method, but also avoids the complexity of simultaneous method. In both classes of calibration methods, we can find the position of the robot's end-effector is used only because measuring pose is more complicated than that of position and it is fragile to calculate the pose influenced by measurement errors [7] . Actually, most external measurement devices can only measure the end-effector's position, such as coordinate measuring machine (CMM) [8] , [9] , automatic theodolite [10] , ball-bar [11] , measurement arm [4] , [5] , and optical instruments such as laser tracker [12] , [13] .
To address these problems, we use the dual quaternion as the basis to find the coordinate transformation (i.e., rotation and translation) between the RBCS and WCS. The dual quaternion, as a natural extension of the quaternion, is convenience to represent an arbitrary transformation comprising rotation and translation, which has the advantages (i.e., compactness, non-singularity, computational efficiency) of only using 8 numbers [14] . Based on the [15] , it can be easily shown that a dual-quaternion takes less operations to compute a general transform concatenation compared with a matrix, and it possesses the advantages of high precision, quick operation in robotic kinematics. In recent years, dual quaternion have been used not only for robot kinematics [16] but also for a wide range of applications, such as hand-eye calibration [17] , navigation [18] and spacecraft attitude control [19] .
In this paper, the main contributions is: the dual quaternion algebra is applied to calibrate the robot base frame, which can uniquely deal with the the rotational and translational part of the transformation simultaneously. The proposed method can not only overcome the error propagation shortcoming of separable calibration method completely, but also avoids the complexity of other simultaneous method, thus can improve the accuracy directly. This paper is organized as follows: Section 2 introduces some mathematical preliminaries of quaternion and dual quaternion. Section 3 deduces formulas for calculating the transformation with dual quaternion descriptors. Section 4 presents numerical simulation to demonstrate various features and effectiveness of the proposed calibration method. Some experiments are presented in Section 5 to validate the applicability of the proposed calibration approach to real system. Finally, the paper is accomplished with some concluding comments.
II. MATHEMATICAL PRELIMINARIES
In order to facilitate our discussion later, this section briefly introduces dual quaternion. As the foundation of the dual quaternion, the quaternion concept is defined first. For more details, please refer to the [20] - [22] .
A. QUATERNION ALGEBRA 1) DEFINITION Quaternion was first described by Irish mathematician Sir William Hamilton in 1843 [23] as an extension of plural to a four-dimensional real space R 4 . Formally, a quaternion is defined as 
• Multiplication
• Conjugate
• Norm
Specially, if q = 1, q is called a unit quaternion with its inverse q −1 = q * . Note that the arithmetic of quaternion multiplication conforms to associative law, but do not conform to commutative law.
2) ROTATIONS WITH QUATERNION
Due to quaternions can describe the spatial rotation in three dimensions, given the unit rotation axis n and rotation angle θ , we can get
3D rotation can be achieved by unit quaternion in the form
where x = [0, v x ] is the initial quaternion representing the rigid transform, X = [0, v X ] is the desired quaternion with the resulting transform.
B. DUAL QUATERNION ALGEBRA 1) DEFINITION
As the Clifford algebra, the dual quaternion comprised of two quaternions is denoted aŝ
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, the operation are defined as:
• Norm q = q ⊗q * = q * ⊗q (11)
Specially, when q = 1, we get a unit dual quaternion withŝ
2) ROTATIONS WITH DUAL QUATERNION
According to Chasles' theorem in kinematics, general rigid body displacement can be produced by a translation along a screw axis followed by a rotation about that axis [24] , we can obtainq
wheren = n + ε(p × n) is the screw axis, and p is the vector which is perpendicular to the axis n.θ = θ + ε(d) is the dual angle, d is the translation parallel to the axis n. It's noting that in the dual quaternion form the real part s = q rot is the quaternion describing the rotation while the dual partv = q trl •q rot 2 being the translation with q trl = [0, v trl ]. We haveq =ŝ+εv = q rot + 1 2 εq trl • q rot . Obviously, the dual quaternion can deal with the rotation and translation simultaneously. For a convenient notation, the formulation for a rigid body transformation in dual quaternion form is given as belowX =q ⊗x ⊗q * (14) wherex is the initial dual quaternion,Xis the desired dual quaternion.
III. KINEMATIC AND BASE FRAME CALIBRATION MODELLING
A. KINEMATIC MODEL BASED ON DUAL QUATERNION ALGEBRA As a practical method for modelling the forward kinematics, the dual quaternion formalism has some advantages in computational efficiency [15] . To address the forward kinematics of a n-DOF serial robot, it is necessary to know how the dual quaternion formalism is applied to spatial transformation for one single link. For the ith link, a complete transformation using the dual quaternion formalism can be expressed aŝ For a serial robot, the RBCS is usually fixed to the base link. Here we use {s} as the RBCS, and {t} as the tool coordinate system, as illustrated in Figure 1 . Using the dual quaternion theory, the forward kinematics of n-DOF serial robot can be given:
where = θ 1 , θ 2 · · · θ n .
B. ROBOT BADE FRAME CALIBRATION MODEL BASED ON DUAL QUATERNION ALGEBRA
When using the external measuring device to calibrate the base frame, it is obvious the measuring device frame does not coincide with {s}. The WCS {m} is an external reference frame, which is usually defined by the measuring device and attached at the center of it. Letq mt be a coordinate transformation relating the position and rotation of the robot end-effector to the world coordinate frame, we havê
Since the external measuring device can only measure the position of the end-effector, the mathematics model of robot VOLUME 6, 2018 base frame calibration between WCS and RBCS can be expressed as
where p 1 is obtained from external measuring instrument, p 0 is obtained from (16) . The optimization problem is formulated as
and aims to find the coordinate transformation with the minimum variance, where N is the total joint configuration number, • represents the Euclidean norm. Equation (19) can be re-described as
where Considering the constraints of unit dual quaternion, the optimal dual quaternion is obtained by minimizing (21) where λ 1 and λ 2 is the matrix (unknown) of Lagrange multipliers. Derivative of f (ŝ,v, λ 1 , λ 2 ) with respect toŝ andv is as below ∂f (ŝ,v, λ 1 , λ 2 )
Let us multiply (23) As D 2 is an anti-symmetric matrix, we can get λ 2 = 0. Substituting λ 2 = 0 into (24), we can get 
Substituting (25) into (22) yields
where
From (28) we can see, quaternionŝ is the eigenvector of a 4-order matrix A. Assume λ 1 is the eigenvalue, by plugging (25) and (26) into (21) and rearranging terms, we have
If we choose the greatest eigenvalue and its eigenvector of matrix A, the value of (29) will be minimal. Further, the quaternionŝ can be solved by (28) andv by (25). Up to now, we have completed the base frame calibration problem.
IV. SIMULATION
To analyze the performance of calibration method mentioned above objectively, a numerical simulation is carried out for a self-developed 7-DOF serial robot whose schematic and kinematic parameters are shown in Fig. 2 and Table 1 . In this part, to compare the performance of the proposed method versus that of the unit quaternion [4] and Procrustes Analysis [5] methods, 100 sets of configurations were generated randomly, and three different levels of Gaussian noise σ = 0.02, σ = 0.01, σ = 0.005 were added to the measurement data. In order to evaluate the accuracy of the proposed solutions, we introduce the rotation error defined as:
where r and r are the real value and the estimation value. The unit of error e r is • . The translation error is defined as:
where t and t are the real value and the estimation value, respectively. The error e t has a unit of length mm.
The simulation results are shown in Fig. 3 . It is clear that the performance of three calibration methods with respect to different levels of Gaussian noise is very similar, that is, with measurement number increasing, both the rotation and translation results become more accurate. We can also see that the dual quaternion method performs better than the other two methods, which demonstrates the superiority of dual quaternion uniquely dealing with the rotational and translational part simultaneously. This gives the evidence to verify the theoretical analysis. Under each level of Gaussian noise, the position accuracy in the dual quaternion is almost stable at 40 measurement sets.
V. EXPERIMENT AND RESULT

A. CALIBRATION EXPERIMENT SYSTEM
To verify the effectiveness of the proposed method, representative experiments were conducted using a 7-DOF robot (the same construction with the one in simulation). A laser tracker and an optical target ball were used as a data acquisition source, where the optical target ball was mounted on the end effector and was used to measure the position, as shown in Figure 4 . According to the specifications, when the distance from laser tracker to robot is less than 10m, the theoretical measurement accuracy of the laser tracker is about 0.022mm, which makes it suitable for measuring the position accuracy and repeatability of serial robots and even calibrating them.
In the data acquisition processing, the robot was programmed to move to 40 configurations randomly, and at the same time, the position of the target ball was measured. Table 2 shows the joint configurations and positions of target ball. Note that, the laser tracker is not displaced and avoids the problem of blocked by other objects during measurement.
All measurements with the laser tracker are therefore taken with respect to this world frame. As we have obtained the transformation, we use the maximum error, mean error and minimum error to further evaluate the accuracy of the calibration results. The experimental result is displayed in Fig. 5 , where the unit of the mean rotation error is degrees and the mean position error is mm. The experimental result is in consistence with the simulation result, and quite satisfactory that can meet the requirement for robot base frame calibration.
Up to now, the calibration experiment has been completed. The transformation between RBCS and WCS is identified, we can command the robot to perform any task defined in WCS accurately by transforming the task into RBCS. Besides, we also performed spatial arbitrary trajectory tracking and linear trajectory tracking verification experiment, as illustrated in Fig. 6 . At the beginning of the trajectory, the trajectory has a certain deviation due to the sudden start of the 7-DOF robot. In addition, our calibration method is applied in the task space rather than in the joint space, therefore how much freedom of the robot is not important, the results are useful for robots of other mechanical configurations.
VI. CONCLUSION
In this paper, we have proposed a simple and accurate method to calibrate the transformation between the RBCS and WCS. Forward kinematic model has been derived with dual quaternions. Based on it, calibration algorithm for finding the transformation between RBCS and WCS was established by dual quaternion algebra. Because the proposed calibration method based on dual quaternion can uniquely deal with the rotational and translational part simultaneously without decoupling, thus it can avoid error propagation. Consequently, it can be concluded that the calibration method proposed in this paper is especially effective to solve the problem of base frame calibration and it has advantage on easy operation and intensive application value. If we want to further improve the calibration accuracy, our further research will focus on the online kinematic calibration and the dynamic parameters identification. This paper also presents dual quaternion algebra which has a great application foreground in the fields of robot hand-eye calibration and multi-robot base coordinate system calibration, and it could make important contributions to other research. 
